Here Gy is the shear modulus; ky is the limiting shear stress for this part of the curve
(the flow limit). We will consider the inclusion material (high strength aluminum oxide
particles with large moduli) as ideally elastic throughout the deformation process: ug =
const. Equations (2.4)-(2.6) were solved numerically by computer using the method of suc-
cessive approximations.

Figure 1 displays a comparison of theoretical and experimental load—extension curves
for an SAP composite (147% Al,03;). The experimental results, taken from [8], are shown as
points in Fig. 1. The computed values from formulas (2.4)-(2.6) are shown as solid lines.
The calculated quantities are: Ej = 71 GPa; Ef = 2500 GPa; vy = 0.34; vg = 0.25 ky = 25
MPa; cg = 0.14.
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STABILITY OF A VISCOELASTIC ROD WITH A SPORADIC LONGITUDINAL LOAD

A. D. Drozdov and V. B. Kolmanovskii UDC 539.3

The stability in an infinite time interval is studied for a viscoelastic rod com-
pressed by a sporadic force. Rod bending is considered in a dynamic arrangement. Stabil-
ity conditions are formulated in a root-mean-square for a viscoelastic rod with an arbitrary
form of degree of stress relaxation and different types of end fastening. It is shown that
with fulfiliment of the conditions obtained a viscoelastic rod is stable, but a correspond-
ing elastic rod with a long-term elasticity modulus is unstable. Questions of stability
for a rod made of aging viscoelastic material with an arbitrary relaxation nucleus were
considered in {1, 2]. The problem was studied in a quasistatic arrangement with a deter-
ministic compressive load. A review of studies of the stability of viscoelastic struc-
tural elements is contained in [3]. Stability conditions for elastic bodies with a spor-
adic load are given in [4]. The stability elastic and viscoelastic rods with a sporadic
longitudinal load is analyzed in [5-7]. Adequate stability conditions for viscoelastic
rods are obtained in this work by means of the second Lyapunov method for a system with
an aftereffect.

1. Model of a Viscoelastic Body. Before application of an external load the body
is in a natural condition, and at instant of time t = 0 a force is applied to it under whose

Moscow. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 5,
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action it deforms. With a uniaxial stressed state stress o(t) is connected with strain
e(t) by the relationship

i
o) =Ele@)+ [0 (¢t —v)e()du, (1.1
0

where E is constant Young's modulus; Q(t) is degree of relaxation; Q' (t) = dQ(t)/dt; Q(0)
0. We limit ourselves to studying regular degrees of relaxation for which functions Q(t)
are twice continuously differentiable. We assume that for any t > 0 the conditions

— 1 << Qoo) << Q) < 05 (1.2)
Q°(1) <0, Q*(c0) = 05 (1.3)
Q" () >0, Q" () =0 (1.4)
are fulfilled and there exists a constant T, > 0 such that for any t 2 0
Q" (t)> Ty 1Q(t) — Q(o0)]. (1.5)

We explain the mechanical idea of these assumptions. We consider the deformation pro-
cess for a specimen of the form

Q) =00<t<l) eg(t) =€ >0 (t> 1) (1.6)
From (1.1) and (1.6) we find stress ¢,(t) and its derivative with respect to time o, (t):
6, () =0, o) =0 O<t<h);
o () =E[1+Q—1)le, 0;(t)=EQ (t—1)e" (>1)-

According to (1.3) and (1.7) stress in a specimen decreases with time. It follows
from (1.2) that with t » = stress tends towards a positive limiting value independent of
the instant of loading t, (limiting creep condition [8]). In accordance with (1.4) the
relaxation rate [01'(t)| decreases monotonically and it tends towards zero with t » «, It
is noted that conditions (1.2)-(1.4) were formulated in [9, 10]. We assume that y(t) =
Q(t) — Q(»). It follows from (1.2) and (1.3) that y(t) > 0 with t 2 0 and y(») = 0. We
rewrite relationship (1.5) in the form y"(t) > T, %y(t). We multiply this equality by
y (t) < 0 and integrate it from t to infinity. Considering (1.3) we obtain y'(t) <
—T,"'y(t). By integrating this inequality and returning to the original notation we find
that

(1.7)

0 < Q(t)— Q(o0) < —Q(o0) exp (—t/To)-
(1.8)

According to (1.8) condition (1.5) means that with t - « the degree of relaxation tends

towards its limiting value more rapidly with the exponent than with characteristic time
T,.

We introduce dimensionless time T = t/T,. We assume that Q,(t) = Q(T,t). On the basis
of (1.5)

Qo (7) >0, (7) — Qy(o0) (v=0)-
(1.9)

In future we require an estimate of the function
t
R = —Qs) + [ (@t =1 = Qo(oo)ldr

In view of (1.9) the derivative of function R(t) is negative and R(t) > R(») for any
t 2 0. According to (1.3),

R(t) > lim, [ 1Qy(5) — @y (o0)] ds (v c0).
0

Integrating by parts and considering (1.8) we obtain
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Rt ;
0=[loiwlsas >0 (1109
2. Statement of the Problem of Rod Stability. We consider a rectilinear rod of length
! made of viscoelastic material. The rod cross section has two axes of symmetry and the
center of gravity of the cross section lies on the longitudinal axis. We introduce axis x
directed along the longitudinal axis of the rod in the undeformed condition. We designate
in terms of p material density, S the cross-sectional area, I the moment of inertia of the
cross section in relation to the longitudinal axis. Values of ¢, S, and I are assumed to
be constant. At instant of time t = 0 to ends of the rod a compressive force with intensity
P is applied and the rod bends in the plane of symmetry. Let v,;(x) be the initial rod de-
flection, v,(x) be the initial deflection rate, and u(t, x) be rod deflection at point x €
{0, 7' ] at instant of time t 2 0. We assume that rod deflection is quite small so that
it is possible to ignore the value (u')2? = (3u/8%x)? compared with unity, and the hypothesis
of plane sections is fulfilled. If material behavior obeys equation of state (1.1), then
function u satisfies an equation [11]

.t
oSu” (t) = — Pu" (t) — EI [ul" ) + X Q (t—7nuV(r) dr] (2.1)
0
with initial.conditions
u(O) = Uy u’ (0) = U,. (2.2)

Here and subsequently in order to reduce the writing we omit argument x. At the rod ends
one of a group of conditions is fulfilled

u(t, 0) = u(t, ) = 0, u''(t, 0) = u'’(t, I) = O; (2.3)
u(t, 0) = u(t, ) = 0, u'(t, 0) = u'(t, i) = 0; (2.4)
u(t, 0) = u(t, 1) = 0, u'(, 0) = 0, w''(£, I) = O. - (2.5)

Relationships (2.3) characterize a hinged rod, (2.4) a rod whose ends are rigidly fixed,
and (2.5) a rod for which one of the ends is rigidly fixed and the other is hinged.

We assume that P = P, + P,w'(t), where P,, P, are constant values, w(t) is a standard
Wiener process, and w'{(t) is white noise. Equation (2.1) with initial conditions (2.2)
and one of the boundary conditions (2.3)-(2.5) describes deflection of a viscoelastic rod
under the action of a compressive sporadic load, and accordgng to [12] it has a unique
general solution if initial conditions v; pertain to space W,' the normal to which it is

possible to determine by the equation [13]
!

poil = § [o} (@] dz.

0

Determination. A rod is called stable in a root-mean-square if for any € > 0 there
exists § > 0 such that from the inequality lv,#2 + fjv,i? < & there follows an estimate
supt gMu?(t, x) < e (£t 20, x € [0, ], M is mathematical expectation symbol). The prob-
lem consists of finding limits for parameters P, and P, which guarantee rod stability.

3. Transformation of Fundamental Equations, We designate in terms of vx the maximum
value of initial rod deflection. We introduce dimensionless values and parameters: xx =
X/, tx = t/Ty, vin(xx) = vi(x)/ve, vor(xx) = Tov,(x) /v, uix(ts, xx) = ult, x)/vx, u,x(tx,
xx) = Tou' (t, x)/vx, wa(ts) = T,/ 2u(t), @ = EIT,2/(pSl*), Pyx = B, 2/(EI), P,x = T,%/2P,/
(pS¥2). According to [14] the random process wx(tx) is a Wiener process. In the new nota-
tions relationships (2.1)-(2.5) take the form (the asterisk is omitted in order to reduce
the writing)

du, = u,(t)dt,

t
dug = — a[u“ O + § 05 (¢ — v ul¥ (v dv + Pou” (t)] dt — Pyl (1 dio 2 G-
[
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u(0) = vy, wp(0) = vy; (3.2)

uy (t, 0) = g (8, 1) = 0, uy (t, 0) = uy (¢, 1) = 0,
uy (8, 0) = uy (8, 1) = 0, w4, 0) = uy (¢, 1) = 0,

’ ” (3.3)
u (G0 =u, (1) =0, u,((,0)=u; (¢, 1) =0.
We consider the boundary problem
YWV (2) £ AY""(2) = 0 (3.4)

with one of the boundary conditions (3.3). According to [15] there exists a monotonically
increasing sequence of positive characteristic values Ay and nonzero characteristic func-
tions ¢ (x) which satisfy the conditions (8y; is Kronecker symbol):

1 1
jl or (2) @1 (z) dz = By S or () 7 (2)dz = Apbpr- (3.5)
0 0

The sequence { ¢ (x)} is complete in space W,? whose elements satisfy boundary conditions
(3.3). Therefore functions uj(t, x), vi(x) may be presented in the form of a series

u; = % zip () o (), vi = k§1 Lintpr (2)- (3.6)

h=1

We substitute expressions (3.6) in (3.1) and (3.2). We multiply each of the equalities
by ¢,"(x) and we integrate with respect to x from 0 to 1. Integrating by parts and con-
sidering (3.3)-(3.5) we obtain

dzln == Zgp ( t)dtv

t
dzyp = — a}‘fz[(i — Ph) 23n (8) + SQO (¢ — 1) 20 (7) dT] dt +
0

+ Pihnzin (t) dw (t), (3.7)
Zln(o) = Lins 25 (0) = Lon (=1, 2, o)

From (3.3), (3.5), (3.6) and the Cauchy inequality it follows that for any t 2 0, x €
[0, 1]

x 2 1 o0
ui(t,x>=[f tada] N CAZEN T EA) o)

loilf = X .
k=1

4. GConditions for Rod Stability. It was shown in [1] that with a deterministic load
and a quasistatic deformation process for stability of a viscoelastic rod fulfillment of
the following inequality is necessary and sufficient

Py <1 £ Qge0) 1. (4.1)

THEOREM. We assume that condition (4.1) is fulfilled and

Pi<alt + [ari(1 4 Qy(c0)— PATY)] ) §|()0(s | s ds. (4.2)

Then a viscoelastic rod is stable in a root-mean-square under the action of a sporadic com-
pressive load.

The maximum period of natural bending vibrations of an elastic rod with Young's modulus
Ey = E[1 + Q4(=)] is determined by the equation T, = 2m[pS!*/(E, Iklz)]l/2 We write in
terms of Py = E,IX;!~% Euler critical force for an elastic rod. In the original notation
conditions for stability of a viscoelastic rod (4.1) and (4.2) take the form
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PO/PE < 17
(Py/P* < N(1 — Py/P )1 + 4a¥(To/T)*(1 — Po/P)1-,

N=[1+0Q() ™[0 (9)]sds .

As an example we consider a standard viscoelastic material whose behavior is describe
by the equation ¢" + T;"'c = Ee’ + E;T, 'e. Here E and E, are instantaneous and long-term
elasticity moduli, T, is characteristic relaxation time. With P, = 0 the condition for
rod stability takes the form

IPy] < P, I(E/E; — 1)To W2 + 4n®(To/T1)?1-L

5. Preliminary Estimates. According to (4.1) there exists a > 0 such that for any
nz1l

o =1+ Qy (00) — PAT > 1 + @y (00) — Phi* > s

Functions ¢(x) = a x2[1 + Q,(») — Pyx~*] increase monotonically with x 2 P,[2(1 +
Qy(«))]~%. Thus it also follows from (4.1) that with any n > 1

3)
d

1)

P > 'lpl (‘pn = w(}”n)) (5 . 2)
On the basis of (4.2) there exists P > 0 such that
§los)]sds— P2 (1 1 9, >p. (5.3)
o
It follows from (1.10), (5.2), and (5.3) that
R(t)—Pla™ (1 + ") >p. (5.4)
6. Proof of the Theorem. We calculate the differential of functional
Win (t) = 230 (1) + a’\ﬁ[(i + Q1) — Pyda ) 23 (1) —
t
—SQ& (t—7) (21n () — 230 (D)2 er. (6.1)
0
From the Ito equation and (3.7) we obtain
t
AW = — aks, [S Qo ¢ — 1) (210 (t) — 210 (V)? dT —
1]
—(Qs () + Pl 22 (t)] dt + 2P iy (1) 2an (1) duo (). (6.2)
We find the differential of the functional
3 .
Wan () = zan ¢) + 022 [ 10y (t — ©) — Q4 (0)] 210 (1) . (6.3)
0
Following from (3.7) we have »
AWy, = — a)»floc,,zln (8) dt + Pihnzyn (2) dw (2). (6.4)
From relationships (3.7), (6.2)-(6.4) it follows that the differential of the func-
tional
Wan (1) = Wia (t) + n [0 (1) + Wi (0] (6.5)

equals
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AW = — ar2g [— (Qo () + Pla™ (1 + ¥i")) 2 () +
t 1

+ 05 (¢ — 1) (aan () — 21n () dr + 220 (1) (@t —m—
0 0

0y (00)) 230 (1) AT} 41 + 2Pyhnzin (1) [Wan (1) + Pazen (9] 4w (O)- (6.6)

We transform expressions in the right-hand part of (6.6):

2zm<t>5 (0o (t— 1) — 0y (00)) 210 () dT = — | (0 (t — ) —
— 0y (00) (21 () — 23 () AT + 230 (1) § (Qy (t — T) — Qg (00)) dv +
Q
+j(Qe(t—w—%(oo»zim)dr- (6.7)

It follows from relationships (6.6) and (6.7) that

t

dI’V3n == — a)"fﬂpn [S Qo (t - T) - (00 (t - T) -
— Qy (00)) (210 (8) — Z3n (D)2 T + (R() — Pla™* (1 + 92 ")) 20 () +
i

+ 5 (Qpt—1)— Qg (o0)) an (1) d'f] dl 4 2P hn21n (1) (Wan () +PaZan (1)) dw (). (6.8)

We integrate relationship (6.8) from 0 to t and we work out the mathematical expecta-
tion for both parts of the equality obtained. Considering (1.9), (5.1), and (5.4) and con-
ditions (1.2)-(1.4) we find that MW,,(t) < MW,;,(0). By substituting in this relationship
expressions (6.1), (6.3), and (6.5) and amplifying the inequality we have

Inty=M [{zzn ) + ahs S (Qy (t — 1) — @y (0)) 29 (7) dr] +

+ w71[z§n()+z2n (t) +ari ((1 + Qy (1) — Pohn ) 250 (1) —
t

— j Qg (t — 1) (210 (t) — 24 (T))? dr)J] < ar2 (1 4 ar2) 2 + (1 + arld) G (6.9)

9

From relationships (5.1), (5.2), and (6.9) and conditions (1.2)-(1.4) it follows that
I, 2 @ Ap2(1 + waAp?)Mz 42(t). From this relationship and (6.9) it follows that there
exists a constant cy; > 0 independent of n such that with t 2 0

Mzi () < ey (61 + Czn) . (6.10)

We sum equality (6.10) with respect to n. Considering (3.8) we obtain
Wi, 2 ey P+ 1oal?) (1320, 2 10,1)). (6.11)
Proof of the theorem follows from inequality (6.11).

7. Instability of an Elastic Rod with a Sporadic Compressive Load. We consider bend-
ing of an elastic rod compressed over the ends by a force P, P, < Pg. We take the dimen-
sional initial perturbation in the form v; = 0, v, = §¢9,;(x) (§ = const). Here dimension-
less values uj(t, x) are determined by the equations

uy = 62, (H)@(x), uy = 82,(1) @y (), (7.1)

Coefficients z,(t) and z,(t) satisfy the set of equations
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dz, = zydt, dzy = — ahi(1 — PATY) 2, dt + Pihz dw (1),
2,(0) = 0, 2,(0) = 1. (7.2)

It follows from (7.2) and the Ito equation that functions X, = Mz,2(t), X, = Mz,(t) x
z,(t), X5 = Mz,2(t) are solutions of the set of equations (¥, = 4 A:2(1 — PgAr;"1), 6; =
Plzklz)

X;= 2Xy Xj=~— P Xy + X3 X3 =0,X, — 29,X,,
X;(0) = 0, X,(0) = 0, X,3(0) = 1. (7.3)

We write a characteristic equation for system (7.3):

f(k) = 0, f(x) = 2 + 4z — 26,. (7.4)

Function f(x) increases monotonically, f(0) = -28,, f(») = », This means that with
P, # 0 for Eq. (7.4) the sole real positive root k; = k. Two other roots are determined
by the equations k, 5 = (-« % iw)/2, w? = 3«% + 169, > 0. We write the solution of set of
Egs. (7.3) in the form

X, = —[%(4 cos wt/2 — B sin 0t/2) + o4 sin wt/2 +
+ B cos wt/2)] exp (—xt/2) + 2Cx exp (xi),
X, = (1/4)[(x¢ — 0®(4 cos wt/2 — B sin 0i/2) + 2ne(A sin /2 +
+ B cos wt/2)] exp (—=t/2) + Cn® exp (%),
X, = [(26, + P ){4 cos ©i/2 — B sin 01/2) 4 ;o (4 sin ot/2 4

(7.5)
4~ B cos ot/2)] exp (—xt/2) + 2(8; — p;%)C exp (xt).
Constants A, B, C have the form A = 4<?[8,;(9%? + w?)]™!, B = k(w? — 3«x2)[0,w(9x2 +
w2)]", €= (k2 + w?)[26,(9%? + w?)]"t.

It follows from relationships (7.1) and (7.5) that for any § > 0 the value Mu,?(t, x)
tends towards infinity with t - «. Consequently, an elastic rod in a root-mean-square is
unstable with a sporadic component of load of the white noise type of arbitrary intensity.

According to (4.1) with a deterministic longitudinal load material toughness leads
to a reduction in critical force. As the example provided indicates, with a sporadic longi-
tudinal load the presence of toughness plays a positive role: with fulfillment of inequality
(4.3) a viscoelastic rod is stable, but an elastic rod is unstable.
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SHELL THEORY BASED ON INVARTIANTS

V. V. Kuznetsov UDC 539.3

The precise theory is considered for finite strains of a three-dimensional body sub-
ordinate to the hypothesis of holding a normal element against a reference {(central) sur-
face. The first and second invariants of the strain tensor for a Green surface parallel
to the reference surface are used as a measure of physical strains. It is shown that from
the invariants of physical strains it is possible to determine any invariant characteristic
of an elastic body: energy, stress tensor invariants, stress intensity, etc. A general
definition is given for strain invariants of an arbitrary surface as components of the rela-
tive change in the square of a surface element. There is simplification of invariants with
small strains and any distortions of thin shells. Expressions are obtained for the change
in coefficients of the first and second quadratic forms of the central surface for small
strains, and arbitrary and small displacements.

1. Geometry of a Three-Dimensional Body. We assume that R is radius vector of a
three-dimensional body in the undeformed condition which is expressed in terms of reference
surface radius vector T and the unit vector of the normal to the surface in the form:'R =
r'+zn. In the general case T will be assumed to be independent of arbitrary curvilinear
coordinates aj. Coefficients of the first invariant form of the reference surface @i; =
r,r,;, and for the surface z = const Aj: = R;R;. Here and subsequently i, j = 1, 2: in-
dices after a comma signify differentiation with respect to aj. The vector of the normal
to surface z = const coincides with the vector of the normal to the base:11==ﬁ4ﬂra)d;fm.
For further convenience we adopt the following definition of the value dBY which depends
on the coefficients of any two quadratic forms Bjj, Yij(dBY # dyg):

Bis Pre
Yor Va2

dBV = det

= P11Ves — PraVar-

Then d, = a4, —al, is discriminant of quadratic form ai-daidaj. The square of an element
of area dF? of surface z = const has the form dF? = dppdo,2da,?. We assume that deforma-
tion of a three-dimensional body follows the hypothesis of holding a normal element against

a reference surface [1]. In the deformed condition RY — pv +—znv, a%::r%ﬂ; A¥:==quR¥’nV =

(rX)(rg)dX{”j{ dFV2==dXAdafda§. Here for dgp, where Bij = Yijv’ we adopt the symbol dYYV'
2. Determination of Physical Strain Invariants. We consider surface z = const in

the deformed condition. Assuming Aijv = Aij + ZEij and formulating the ratio dF¥V2/dFZ,
we obtain

dFVEaF? = 1 + 21, + 4l gp; (2.1)
Iz = (dag + dga)ldaa; (2.2)
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